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Abstract
Dedekind symbols are generalizations of the classical Dedekind sums (symbols), and the symbols are
determined uniquely by their reciprocity laws, up to an additive constant. For Dedekind symbols D and F ,
we can consider two kinds of reciprocity laws: D(p,q)−D(q,−p) = R(p,q) and F(p,q)+F(q,−p) =
T (p,q). The first type, which we call minus reciprocity laws, have been studied extensively. On the con-
trary, the second type, which we call plus reciprocity laws, have not yet been investigated. In this note
we study fundamental properties of Dedekind symbols with plus reciprocity law F(p,q) + F(q,−p) =
T (p,q). We will see that there is a fundamental difference between Dedekind symbols with minus and plus
reciprocity laws.
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1. Introduction and statement of results
The classical Dedekind sums are defined by
s(p, q) :=
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l=1
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ing x. The sums have the following properties [5]:
s(p,p + q) = s(p, q), (1.1)
s(p,−q) = −s(p, q), (1.2)
s(p, q) − s(q,−p) = p
2 − 3pq + q2 + 1
12pq
(the reciprocity law). (1.3)
A Dedekind symbol is a generalization of the classical Dedekind sums, and is defined [2] as a
complex valued function D on V := {(p, q) ∈ Z+ × Z | gcd(p, q) = 1} satisfying
D(p,q) = D(p,q + p).
A Dedekind symbol D is said to be odd (respectively even) if D satisfies
D(p,−q) = −D(p,q) (respectively D(p,−q) = D(p,q))
for any (p, q) ∈ V .
Due to the property (1.3), it is rather natural to impose on the symbol D that it must be subject
to “minus” reciprocity law:
D(p,q) − D(q,−p) = R(p,q). (1.4)
Here R denotes a complex valued function on U := {(p, q) ∈ Z+ × Z+ | gcd(p, q) = 1}. In fact,
it has been discovered that Dedekind symbols with minus reciprocity laws (1.4) play important
and useful roles in the study of modular forms and their periods [1–4].
A natural question arises: What happens if we impose on Dedekind symbols to satisfy “plus”
reciprocity laws. In this article we will establish the following two theorems for even and odd
Dedekind symbols with plus reciprocity laws.
Theorem 1.1. Let F :V → C be an even Dedekind symbol. That is, for (p, q) ∈ V , F satisfies
the following conditions (F+1) and (F+2):
(F+1) F(p,q + p) = F(p,q),
(F+2) F(p,−q) = F(p,q).
Moreover let F satisfy the following plus reciprocity law (F+3):
(F+3) F(p,q) + F(q,−p) = T (p,q)
with some complex valued function T defined on U .
Then T has the following properties (T+1) and (T+2): For (p, q) ∈ U with p = q ,
(T+1) T (p,q) = T (q,p),
(T+2) T (p,p + q) + T (q, |q − p|)= T (q, q + p) + T (p, |p − q|).
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exist a function F :V → C which has the properties (F+1), (F+2) and (F+3). Moreover such a
function F is uniquely determined.
Theorem 1.2. Let F :V → C be an odd Dedekind symbol. That is, for (p, q) ∈ V , F satisfies the
following conditions (F−1) and (F−2):
(F−1) F(p,q + p) = F(p,q),
(F−2) F(p,−q) = −F(p,q).
Moreover let F satisfy the following plus reciprocity law (F−3):
(F−3) F(p,q) + F(q,−p) = T (p,q)
with some complex valued function T defined on U .
Then T has the following properties (T−1) and (T−2): For (p, q) ∈ U with p = q ,
(T−1) T (p,q) = −T (q,p),
(T−2) T (p,p + q) + sgn(q − p)T (q, |q − p|)= −T (q, q + p) − sgn(p − q)T (p, |p − q|).
Conversely, if a function T :U → C satisfies the conditions (T−1) and (T−2), then there
exist a function F :V → C which has the properties (F−1), (F−2) and (F−3). Moreover such a
function F is uniquely determined.
Next we will show how minus reciprocity law differs from plus reciprocity law. In [2], it was
shown that a Dedekind symbol D(p,q) with the minus reciprocity law D(p,q) − D(q,−p) =
R(p,q) can be expressed in terms of the function R and the continued fraction of q/p.
We will show below that a Dedekind symbol F(p,q) with plus reciprocity law F(p,q) +
F(q,−p) = T (p,q) is simpler. Indeed, its expression involves only the function T and p,q
themselves. More concretely, we will present this result in the following two theorems.
Theorem 1.3. Let F :V → C be an even Dedekind symbol which has plus reciprocity law:
F(p,q) + F(q,−p) = T (p,q)
with a function T :U → C. Then it holds that
F(p,q) = 1
2
{
T
(
p, |q|)+ T (p, |q + p|)− T (|q|, |q + p|)}. (1.5)
Theorem 1.4. Let F :V → C be an odd Dedekind symbol which has plus reciprocity law:
F(p,q) + F(q,−p) = T (p,q)
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F(p,q) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 if p = 1,
qT (p,1) if p = 1, |q| = 1,
1
2 {sgn(q)T (p, |q|) + sgn(q + p)T (p, |q + p|)
+ sgn(q(q + p))T (|q|, |q + p|)} otherwise.
(1.6)
Recall that minus reciprocity laws are used to compute the values of Dedekind symbol
F(p,q) recursively, with repeated application of the Euclidean algorithm on continued fractions.
On the other hand, plus reciprocity law provides the values of Dedekind symbols in much
simpler manner, i.e., involving only p and q themselves as opposed to the continued fraction
of p/q . In conclusion, these two types of reciprocity laws have rather different properties. It is
plausible that they might be related by some characters, but this is a question to be addressed in
the future.
2. The case of even symbols
In this section we will prove four lemmas which are needed for our proof of Theorem 1.1.
Our first task is to establish the following lemma.
Lemma 2.1. Suppose that a function F :V → C satisfies the three conditions (F+1), (F+2) and
(F+3) as in Theorem 1.1 with a function T :U → C.
Then, for (p, q) ∈ U with p = q , T satisfies the two conditions (T+1) and (T+2) as in Theo-
rem 1.1.
Proof. First we see that
T (p,q) = F(p,q) + F(q,−p)
= F(p,−q) + F(q,p) (by applying (F+2))
= T (q,p),
which yields the property (T+1).
Now we will derive the property (T+2). Assuming p > q , we have
T (p,p + q) + T (q, |q − p|)
= F(p,p + q) + F(p + q,−p) + F(q,p − q) + F(p − q,−q) (by (F+3))
= F(p,p + q) + F(p − q,−q) + F(p + q,−p) + F(q,p − q)
= F(p,−p + q) + F(p − q,−p) + F(p + q, q) + F(q,p + q) (from (F+1))
= F(p,p − q) + F(p − q,−p) + F(p + q,−q) + F(q,p + q) (from (F+2))
= T (p,p − q) + T (q,p + q) (by (F+3))
= T (q, q + p) + T (p, |p − q|).
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swapping p and q in (T+2). Thus this establishes the property (T+2) for any (p, q) ∈ U with
p = q . 
For our subsequent discussions, we need the following definition.
Definition 2.1. Let W := {(p, q) ∈ Z × Z | gcd(p, q) = 1}. For a function T :U → C, its exten-
sion T˜ + :W → C is defined by
T˜ +(p, q) :=
{
T (|p|, |q|) if pq = 0,
0 if pq = 0.
Furthermore, using T˜ +, we define a function S+T :W × Z → C by
S+T (p, q,n) := T˜ +(p, q + np) + T˜ +
(
p,q + (n + 1)p)− T˜ +(q + np,q + (n + 1)p).
The extended function T˜ + enjoys the similar properties as T , and they are formulated in the
following lemma.
Lemma 2.2. Suppose that T :U → C satisfies the conditions (T+1) and (T+2) as in Theo-
rem 1.1.
Then T˜ + :W → C has the following properties:
(T˜+1) T˜ +(p, q) = T˜ +(q,p),
(T˜+2) T˜ +(p,p + q) + T˜ +(q, q − p) = T˜ +(q, q + p) + T˜ +(p,p − q),
(T˜+3) T˜ +(p,−q) = T˜ +(−p,q) = T˜ +(p, q).
Proof. The identities (T˜+1) and (T˜+3) follow immediately from (T+1) and the definition of T˜ +.
It remains to establish the property (T˜+2). If pq = 0 or |p| = |q|, (T˜+2) obviously holds. So we
have only to consider the case pq = 0 and |p| = |q|. We have
T˜ +(p,p + q) + T˜ +(q, q − p)
= T (|p|, |p + q|)+ T (|q|, |q − p|)
=
{
T (|p|, |p| + |q|) + T (|q|, ||q| − |p||) if sgn(pq) = 1
T (|p|, ||p| − |q||) + T (|q|, |q| + |p|) if sgn(pq) = −1
=
{
T (|q|, |q| + |p|) + T (|p|, ||p| − |q||) if sgn(pq) = 1
T (|q|, ||q| − |p||) + T (|p|, |p| + |q|) if sgn(pq) = −1
(
from
(
T+2
))
= T (|q|, |q + p|)+ T (|p|, |p − q|)
= T˜ +(q, q + p) + T˜ +(p,p − q).
This establishes the property (T˜+2). This completes the proof. 
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S+T be as defined in Definition 2.1. Then, for (p, q) ∈ W and m,n ∈ Z, the following identities
hold:
S+T (p, q,m) = S+T (p, q,n), (2.1)
S+T (p,−q,n) = S+T (p, q,n), (2.2)
S+T (p, q + p,n) = S+T (p, q,n), (2.3)
S+T (p, q,n) + S+T (q,p,n) = 2T˜ +(p, q). (2.4)
Proof. First we prove (2.1). For (p, q) ∈ W , we have
S+T (p, q,m)
= T˜ +(p, q + mp) + T˜ +(p,q + (m + 1)p)− T˜ +(q + mp,q + (m + 1)p)
= T˜ +(p,q + (m + 1)p)+ T˜ +(p, q + mp) − T˜ +(q + (m + 1)p, q + mp)
= T˜ +(p,q + (m + 1)p)+ T˜ +(p, q ′ − p) − T˜ +(q ′, q ′ − p) (putting q ′ = q + (m + 1)p)
= T˜ +(p,q + (m + 1)p)+ T˜ +(p, q ′ + p) − T˜ +(q ′, q ′ + p) (by (T˜+2) in Lemma 2.2)
= T˜ +(p,q + (m + 1)p)+ T˜ +(p,q + (m + 2)p)− T˜ +(q + (m + 1)p, q + (m + 2)p)
= S+T (p, q,m + 1).
Then (2.1) follows by induction on m.
Now we consider (2.2). We have
S+T (p,−q,n) = S+T (p,−q,0)
= T˜ +(p,−q) + T˜ +(p,−q + p) − T˜ +(−q,−q + p)
= T˜ +(p, q) + T˜ +(p, q − p) − T˜ +(q, q − p) (by (T˜+3) in Lemma 2.2)
= T˜ +(p, q − p) + T˜ +(p, q) − T˜ +(q − p,p) (by (T˜+1) in Lemma 2.2)
= S+T (p, q,−1)
= S+T (p, q,n),
establishing (2.2).
For (2.3), direct calculations give
S+T (p, q + p,n)
= T˜ +(p, q + p + np) + T˜ +(p,q + p + (n + 1)p)− T˜ +(q + p + np,q + p + (n + 1)p)
= T˜ +(p,q + (n + 1)p)+ T˜ +(p,q + (n + 2)p)− T˜ +(q + (n + 1)p, q + (n + 2)p)
= S+T (p, q,n + 1)
= S+T (p, q,n),
which establishes (2.3).
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S+T (p, q,n) + S+T (q,p,n) = S+T (p, q,0) + S+T (q,p,0)
= T˜ +(p, q) + T˜ +(p, q + p) − T˜ +(q, q + p)
+ T˜ +(q,p) + T˜ +(q,p + q) − T˜ +(p,p + q)
= T˜ +(p, q) + T˜ +(q,p)
= 2T˜ +(p, q).
This implies (2.4). 
We also need a function F+T :V → C, associated to the function T :U → C.
Definition 2.2. For a function T :U → C, we define a function F+T :V → C by
F+T (p, q) :=
1
2
S+T (p, q,0).
Then F+T has properties similar to those of the functions T + and S+.
Lemma 2.4. Suppose that T :U → C satisfies the two identities (T+1) and (T+2). Let T˜ +, S+T
and F+T be as in Definitions 2.1 and 2.2.
Then F+T has the following properties:
F+T (p, q + p) = F+T (p, q), (2.5)
F+T (p,−q) = F+T (p, q), (2.6)
F+T (p, q) + F+T (q,−p) = T (p,q). (2.7)
Proof. The identities (2.5), (2.6) and (2.7) follow, respectively, from (2.2), (2.3) and (2.4) in
Lemma 2.3. 
3. The case of odd symbols
In this section we will present a couple of lemmas which are needed for the proof of Theo-
rem 1.2, to address odd symbols. The structure of our arguments is very similar to the case of
even symbols.
Our first task is to establish the following lemma.
Lemma 3.1. Suppose that a function F :V → C satisfies the three conditions (F−1), (F−2) and
(F−3) as in Theorem 1.2 with a function T :U → C.
Then, for (p, q) ∈ U with p = q , T satisfies the two conditions (T−1) and (T−2) as in Theo-
rem 1.2.
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T (p,q) = F(p,q) − F(q,p) = −T (q,p).
Next we will establish the property (T−2). For this, we first assume p > q . Then we have
T (p,p + q) + sgn(q − p)T (q, |q − p|)
= F(p,p + q) + F(p + q,−p) − F(q,p − q) − F(p − q,−q)
= F(p,p + q) − F(p − q,−q) + F(p + q,−p) − F(q,p − q)
= F(p,−p + q) − F(p − q,−p) + F(p + q, q) − F(q,p + q)
= −F(p,p − q) − F(p − q,−p) − F(p + q,−q) − F(q,p + q)
= −T (p,p − q) − T (q,p + q)
= −T (q, q + p) − sgn(p − q)T (p, |p − q|)
yielding the identity (T−2) for p > q . The property (T−2) in the case p < q can be obtained by
simply swapping p and q in the above identity. This completes the proof. 
Now we introduce two new functions, similar to those introduced in Definition 2.1.
Definition 3.1. For a function T :U → C, its extension T˜ − :W → C is defined by
T˜ −(p, q) :=
{
sgn(pq)T (|p|, |q|) if pq = 0,
0 if pq = 0.
Furthermore, using T˜ −, we define a function S−T :W × Z → C by
S−T (p, q,n) := T˜ −(p, q + np) + T˜ −
(
p,q + (n + 1)p)+ T˜ −(q + np,q + (n + 1)p).
The function T˜ − has the following properties.
Lemma 3.2. Suppose that T :U → C satisfies the two conditions (T−1) and (T−2) as in Theo-
rem 1.2.
Then T˜ − :W → C has the following three properties:
(T˜−1) T˜ −(p, q) = −T˜ −(q,p),
(T˜−2) T˜ −(p,p + q) + T˜ −(q, q − p) = −T˜ −(q, q + p) − T˜ −(p,p − q)
for (p, q) ∈ U with |p| = |q|,
(T˜−3) T˜ −(p,−q) = T˜ −(−p,q) = −T˜ −(p, q).
Proof. For the property (T˜−1), simply note that
T˜ −(p, q) = sgn(pq)T (|p|, |q|)= −sgn(pq)T (|q|, |p|)= −T˜ −(q,p).
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T˜ −(−p,q) = sgn(−pq)T (|p|, |q|)= −sgn(pq)T (|p|, |q|)= −T˜ −(p, q).
Next we will establish the property (T˜−2). First, for (p, q) ∈ U with p > q , we have
T˜ −(p,p + q) + T˜ −(q, q − p)
= T (p,p + q) + sgn(q − p)T (q, |q − p|)
= −T (q,p + q) − sgn(p − q)T (p, |p − q|) (from (T−2))
= −T˜ −(q, q + p) − T˜ −(p,p − q).
This implies (T˜−2). The property (T˜−2) in the case p < q is obtained simply swapping p and q
in (T−2), and it is easy to see that the newly obtained identity is equivalent to (T˜−2), establishing
(T˜−2) in this case.
Now let (p, q) ∈ W be such that p > 0 > q . Then setting q ′ = −q , we have
T˜ −(p,p + q ′) + T˜ −(q ′, q ′ − p) = −T˜ −(q ′, q ′ + p) − T˜ −(p,p − q ′).
This implies that
T˜ −(p,p − q) + T˜ −(−q,−q − p) = −T˜ −(−q,p − q) − T˜ −(p,p + q),
and we see that this is equivalent to (T˜−2). Finally if 0 > p > q , by setting p′ = −p and q ′ = −q
and applying (T˜−2), we obtain (T˜−2) for such p and q .
These completes the proof. 
Lemma 3.3. Suppose that T :U → C satisfies the two identities (T−1) and (T−2). Let T˜ − and
S−T be the functions defined in Definition 3.1.
Then, for (p, q) ∈ W with |p| = 1, and for m,n ∈ Z, the following identities hold:
S−T (p, q,m) = S−T (p, q,n), (3.1)
S−T (p,−q,n) = −S−T (p, q,n), (3.2)
S−T (p, q + p,n) = S−T (p, q,n), (3.3)
S−T (p, q,n) − S−T (q,p,n) = 2T˜ −(p, q). (3.4)
Proof. First we will prove (3.1). For (p, q) ∈ W , we have
S−T (p, q,m)
= T˜ −(p, q + mp) + T˜ −(p,q + (m + 1)p)+ T˜ −(q + mp,q + (m + 1)p)
= T˜ −(p,q + (m + 1)p)+ T˜ −(p, q + mp) − T˜ −(q + (m + 1)p, q + mp)
= T˜ −(p,q + (m + 1)p)+ T˜ −(p, q ′ − p) − T˜ −(q ′, q ′ − p) (putting q ′ = q + (m + 1)p)
= T˜ −(p,q + (m + 1)p)+ T˜ −(p, q ′ + p) + T˜ −(q ′, q ′ + p)
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by
(
T˜−2
)
and
(
T˜−3
)
in Lemma 3.2
)
= T˜ −(p,q + (m + 1)p)+ T˜ −(p,q + (m + 2)p)+ T˜ −(q + (m + 1)p, q + (m + 2)p)
= S−T (p, q,m + 1).
Again by induction on m, we arrive at the identity (3.1).
For the identity (3.2), by direct calculations, we have
S−T (p,−q,n) = S−T (p,−q,0)
= T˜ −(p,−q) + T˜ −(p,−q + p) + T˜ −(−q,−q + p)
= −T˜ −(p, q) − T˜ −(p, q − p) + T˜ −(q, q − p)
= −T˜ −(p, q − p) − T˜ −(p, q) − T˜ −(q − p,p)
= −S−T (p, q,−1)
= −S−T (p, q,n).
Next we will establish the property (3.3):
S−T (p, q + p,n)
= T˜ −(p, q + p + np) + T˜ −(p,q + p + (n + 1)p)+ T˜ −(q + p + np,q + p + (n + 1)p)
= T˜ −(p,q + (n + 1)p)+ T˜ −(p,q + (n + 2)p)+ T˜ −(q + (n + 1)p, q + (n + 2)p)
= S−T (p, q,n + 1)
= S−T (p, q,n).
Finally the property (3.4) can be established as follows:
S−T (p, q,n) − S−T (q,p,n)
= S−T (p, q,0) − S−T (q,p,0)
= T˜ −(p, q) + T˜ −(p, q + p) + T˜ −(q, q + p) − T˜ −(q,p) − T˜ −(q,p + q) − T˜ −(p,p + q)
= T˜ −(p, q) − T˜ −(q,p)
= 2T˜ −(p, q).
This complete our proof. 
We introduce a function F−T :V → C associated to the function T :U → C.
Definition 3.2. For a function T :U → C, we define a function F−T :V → C by
F−T (p, q) :=
⎧⎪⎨
⎪⎩
0 if p = 1,
qT (p,1) if p = 1, |q| = 1,
1
2S
−
T (p, q,0) otherwise.
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and F−T be the functions defined as in Definitions 3.1 and 3.2. Then F−T satisfies the following
identities:
F−T (p, q + p) = F−T (p, q), (3.5)
F−T (p,−q) = −F−T (p, q), (3.6)
F−T (p, q) + F−T (q,−p) = T (p,q). (3.7)
Proof. If p = 1, the identities (3.5) and (3.6) are plain. If p = 1, these identities are derived from
(3.2) and (3.3), respectively.
Next we will establish the identity (3.7). If p = 1 and q = 1, the identity (3.7) follows from
and (3.4). If p = 1 or q = 1, the identity (3.7) is derived from Definition 3.2 for F−T (p, q). 
4. Dedekind symbols having the same plus reciprocity law
In this section we will show that two Dedekind symbols which have the same plus reciprocity
law are indeed equal.
We will study how we calculate F(p,q) by means of T and the continued fraction of q/p.
For (p, q) ∈ V , let [a0, . . . , an] denote the continued fraction expansion for q/p:
[a0, . . . , an] = a0 + 1
a1 + 1
a2+ 1
... 1
an−1+ 1an
where ai (i = 1, . . . , n) is a positive integer. Let pi and qi be integers such that qi/pi =
[ai, . . . , an] and (pi, qi) ∈ U . Then we have the following lemma.
Lemma 4.1. Let F be an even (or odd) Dedekind symbol which satisfies plus reciprocity law:
F(p,q) + F(q,−p) = T (p,q).
Let [a0, . . . , an] be the continued fraction expansion for q/p, and let ε = 1 if F is even, and
ε = −1 if F is odd. Then F(p,q) can be expressed as
F(p,q) = −
n∑
i=1
(−ε)iT (pi, qi) + 12 (−ε)
nT (1,1). (4.1)
Proof. Our proof is by induction on the length n of the continued fraction of p/q . First note that
T (1,1) = F(1,1) + F(1,−1) = 2F(1,0).
If n = 0, we see q/p = [a0] = a0/1, and we obtain
F(p,q) = F(1, a0) = F(1,0) = 12T (1,1).
This establishes the identity (4.1) for n = 0.
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that
q
p
= a0 + 1q1
p1
= a0 + p1
q1
= a0q1 + p1
q1
,
we have
F(p,q) = F(q1, a0q1 + p1) = F(q1,p1)
= −F(p1,−q1) + T (q1,p1)
= −εF (p1, q1) + εT (p1, q1)
= −ε
{
−
n∑
i=2
(−ε)i−1T (pi, qi) + 12 (−ε)
n−1T (1,1)
}
+ εT (p1, q1)
= −
n∑
i=1
(−ε)iT (pi, qi) + 12 (−ε)
nT (1,1).
This completes the proof. 
The next lemma follows easily from Lemma 4.1.
Lemma 4.2. Let F1 and F2 be even (or odd) Dedekind symbols which satisfy the axiom (F+3)
with the same function T (p,q).
Then we have
F1 = F2.
5. Proofs of Theorems 1.1 and 1.2
Now we are ready to give proof of Theorem 1.1.
Proof of Theorem 1.1. Let F :V → C be an even Dedekind symbol which has plus reciprocity
law
F(p,q) + F(q,−p) = T (p,q)
with a function T :U → C. Then Lemma 2.1 implies that T satisfies the identities (T+1) and
(T+2).
Conversely, suppose that T satisfies the identities (T+1) and (T+2). Then we have the function
F+T defined in Definition 2.2. By Lemma 2.4 implies that F
+
T has the properties (F+1), (F+2) and
(F+3). The uniqueness of the function F follows from Lemma 4.2. This completes the proof. 
Proof of Theorem 1.2. Let F :V → C be an odd Dedekind symbol which has plus reciprocity
law:
F(p,q) + F(q,−p) = T (p,q)
S. Fukuhara / Journal of Number Theory 128 (2008) 781–795 793with a function T :U → C. Then Lemma 3.1 implies that T satisfies the equations (T−1) and
(T−2).
Conversely, suppose that T satisfies the equations (T−1) and (T−2). Then we have the func-
tion F−T defined in Definition 3.2. Moreover, by Lemma 3.4, F
−
T satisfies the identities (F−1),
(F−2) and (F−3). The uniqueness of the function F follows from Lemma 4.2. This completes
the proof. 
6. Proofs of Theorems 1.3 and 1.4
In this section we give proofs of Theorems 1.3 and 1.4.
Proof of Theorem 1.3. Let F :V → C be an even Dedekind symbol which has plus reciprocity
law:
F(p,q) + F(q,−p) = T (p,q)
with a function T :U → C. Then we have the function F+T defined in Definition 2.2. By
Lemma 2.4, F+T satisfies the equations from (F+1) to (F+3). This means F and F+T are even
Dedekind symbols which have the same plus reciprocity law. Hence, by Lemma 4.2, we know
that
F = F+T .
Now note that we have
F+T (p, q) =
1
2
S+T (p, q,0)
= 1
2
{
T˜ +(p, q) + T˜ +(p, q + p) − T˜ +(q, q + p)}
= 1
2
{
T
(
p, |q|)+ T (p, |q + p|)− T (|q|, |q + p|)},
from which the identity (1.5) is derived. 
Proof of Theorem 1.4. Let F :V → C be an odd Dedekind symbol which has plus reciprocity
law:
F(p,q) + F(q,−p) = T (p,q)
with a function T :U → C. Then we have the function F−T defined in Definition 3.2. By
Lemma 3.4, F−T satisfies the identities from (F−1) to (F−3). This means F and F−T are odd
Dedekind symbols which have the identical plus reciprocity law. Hence, by Lemma 4.2, we
know that
F = F−T .
If p = 1 or q = 1, the formula (1.6) is plain. If p = 1 and q = 1, the identity (1.6) follows from
the identity
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1
2
S−T (p, q,0)
= 1
2
{
T˜ −(p, q) + T˜ −(p, q + p) + T˜ −(q, q + p)}
= 1
2
{
sgn(q)T
(
p, |q|)+ sgn(q + p)T (p, |q + p|)+ sgn(q(q + p))T (|q|, |q + p|)}.
This completes the proof. 
7. Examples
Here we give examples of Dedekind symbols with plus reciprocity laws. For a nonnegative
integer n, let T (p,q) be a polynomial in p and q defined by
T (p,q) :=
n∑
i=0
ai
(
pi + qi) (7.1)
where ai ∈ C (i = 0, . . . , n) are constants. Then it is easily verified that T (p,q) satisfies the
conditions (T+1) and (T+2). In this case the corresponding Dedekind symbol F(p,q) is given
by
F(p,q) =
n∑
i=0
aip
i.
This is an even Dedekind symbol which is rather trivial. Unlike the case of minus reciprocity law,
there seems to be no polynomial satisfying (T+1) and (T+2) other than T (p,q) in (7.1). In fact
we checked that, for the first few of nonnegative integers n, only polynomials of the form (7.1)
can satisfy (T+1) and (T+2). However we do not know whether this is true for any nonnegative
integer.
Next we consider a non-polynomial case. First let F+(p, q) be defined by
F+(p, q) := 1
2
cos
(
2πq
p
)
.
Then clearly F+(p, q) is an even Dedekind symbol. In this case T +(p, q) becomes
T +(p, q) = cos
(
p2 + q2
pq
π
)
cos
(
p2 − q2
pq
π
)
.
Hence we have the following identity:
cos
(
p2 + (p + q)2
p(p + q) π
)
cos
(
p2 − (p + q)2
p(p + q) π
)
+ cos
(
q2 + (q − p)2
π
)
cos
(
q2 − (q − p)2
π
)
q(q − p) q(q − p)
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(
q2 + (q + p)2
q(q + p) π
)
cos
(
q2 − (q + p)2
q(q + p) π
)
+ cos
(
p2 + (p − q)2
p(p − q) π
)
cos
(
p2 − (p − q)2
p(p − q) π
)
.
Similarly we find an odd Dedekind symbol
F−(p, q) := 1
2
sin
(
2πq
p
)
with the reciprocity function T −(p, q) which is expressed as
T −(p, q) = cos
(
p2 + q2
pq
π
)
sin
(
q2 − p2
pq
π
)
.
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